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Abstract. Let (M",g) denote a closed Riemannian manifold (n > 3) which 
admits a metric of negative curvature (not necessarily equal to g). Let uii := 
(jJQ + n*a denote a twisted symplectic form on TM, where a £ f2^(Af) is a 
closed 2-form and loq is the symplectic structure on TM obtained by pulling 
back the canonical symplectic form dxAdp on T* M via the Riemannian metric. 
Let Sj. be the hypersurface \v\ = \/2k. We prove that if n is odd and the 
Hamiltonian structure (Sfc,a;i) is Anosov with weak bundles then (Ej.,aji) 
is stable if and only if it is contact. If n is even and in addition the Hamiltonian 
structure is 1/2-pinched, then the same conclusion holds. As a corollary we 
deduce that if g is negatively curved, strictly 1/4-pinched and cr is not exact 
then the Hamiltonian structure (Sj.,tiJi) is never stable for all sufficiently large 
k. 



1. Introduction 

Let S be a closed oriented manifold of dimension 2n— 1. A Hamiltonian structure 
on E is a closed 2-form ut such that w"^^ ^ 0. Its kernel ker oj defines an orientable 
1-dimensional foliation. 

A natural condition to impose on a Hamiltonian structure is stability; this asserts 
the existence of a 1-form A such that ker uj C ker dX and such that A A cj"^^ > 0. 
The 1-form A is known as a stabilizing 1-form. 

A stronger condition one might like to impose is the following: is called 

of contact type if we can find a 1-form A such that dX = u and A A > 0. In 

particular A is a stabilizing 1-form and A is a contact form on S. Note that (S,a;) 
can be of contact type only if w is exact. The stability condition first appeared 
in [21j as a condition for which the Weinstein conjecture could be proved. More 
recently, stability has been recognized as a key condition to produce compactness 
results in Symplectic Field Theory [H [SI [TT] and Rabinowitz Floer homology [7]. 
This paper is motivated by the desire to generalize a result in the latter reference, 
as we explain below. 

Let F be any vector field spanning ker oj. We say that is an Anosov 

Hamiltonian structure if the flow (j)t of F is Anosov. Recall that this asserts the 
existence of a d^t -invariant splitting 

where RF is the 1-dimensional distribution spanned by F, and such that there exist 
constants C, /j, > such that for all x € S and t > 0, 

\d,MO\<C\^\e-''' for ^eE%xy, 

M.c/'-t (^)l <C|C|e-^* foT^eE^ix). 

The Anosov condition is invariant under time changes, and so is independent of the 
choice of vector field F. In other words, it is intrinsic to the Hamiltonian structure 
(E, w). The weak bundles E+ := RF ® E' and E" := RE ® are also invariant 
under time changes. 
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We say that 0f : E — > S is 1/2-pinched (or 1-bunched [20\) if there exist positive 
constants C, A, a with A < 2a such that 

^IC|e-^* < KMO\ < C|C|e-"* for ^ e and t > 0, 

^|e|e-^* < < Cieie-'^* for ^ G and t > 0. 

We say that an Anosov Hamiltonian structure satisfies the 1/2-pinching con- 
dition if there exists some vector field F spanning ker w whose flow satisfies the 
1/2-pinching condition. 

Here is the situation we are actually interested in. Let {M, g) be a closed Rie- 
mannian manifold that admits a background metric of negative curvature (possibly 
different from g) and tt : TM — > M the tangent bundle. Throughout the paper we 
let denote the symplectic form on TM obtained by pulling back the canonical 
symplectic form dx A dp on T* M via the Riemannian metric. The form wq is exact; 
if a e Vl^{TM) denotes the 1-form defined by 

(1.1) a^{^) ^ {d,n{i),v) , 

then it is well known that — —da. Suppose G £7^ (M) is a closed 2-form on 
M . Given e S M we define 

Lj^ := uj + e7:*a. 
Let i^e denote the symplectic gradient of the Hamiltonian 



H{x,v) = 




with respect to oj^ and let denote the flow of with respect to w^. Note 
that 0( is simply the geodesic flow. This flow models the motion of a particle of 
unit mass and charge e under the effect of a magnetic field, whose Lorentz force 
Y : TM — > TM is the bundle map uniquely determined by 

(1.2) a,{u,v) = {Y,iu),v) 

for a\lu,v £ T^M and all x £ M. 

The family {wg} for e e [0, 1] interpolates between the standard symplectic form 
Wo and the form ui. The form cji is called a twisted symplectic structure f5] and 
the flow (jjl is called a twisted geodesic flow or a magnetic flow. 

Let Sfc = H^^{k). We are interested in Anosov Hamiltonian structures of the 
form (SA;,a;i). 

Here is the main result we present. Let n = dim M . 

Theorem A. Suppose (S^jWi) is an Anosov Hamiltonian structure and n > 3. 
Assume in addition: 

• If n is odd, (I]fc,a;i) has weak bundles of class ; 

• If n is even, (T,k,uji) is 1/2-pinched. 

Then (Efc, uji) is stable if and only if it is of contact type. In particular, if (Efc, Wi) 
is stable, then a must be exact. 

The last statement in the theorem can be seen as follows. Since n ~ dim M > 3, 
the Gysin sequence of the sphere bundle 7r|S]fc : — > M shows that (7r|Sfe)* : 
i?^(M, R) -> i?^(I]fc,R) is an isomorphism for n > 4 and injective for n = 3. Since 
wi = —da + TT*a, the assertion that cji is exact on implies that 7r*(T|Sfc is exact. 
Putting this together we conclude that a is exact. 
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The bunching condition is a necessary one in the even dimensional case. Indeed, 
consider the twisted geodesic flow (pl on compact quotients of complex hyperbolic 
space with a given by the Kahler form. Then for k sufficiently large, (j)l\I^k is 
Anosov, and is stable but not contact (ct is not exact). The flow c/)} is algebraic 
and thus the stable and unstable bundles are real analytic. A stabilizing 1-form 
A can be deflned by setting A(Fi) = 1 and ker A — Ef (B E^. The flow is not 
1/2-pinched since it has 2:1 resonances. It seems a reasonable conjecture that these 
are in fact the only cases where weak bundles is not sufficient to ensure that 
the conclusion of Theorem A holds. A well known theorem [21 states that the 
1/2-pinching condition implies that the weak bundles are of class C^. However the 
pinching condition is strictly stronger than requiring the weak bundles to be of class 
as the example of complex hyperbolic space described above shows. 

We will prove in Proposition 15. 1 II that if g is negatively curved and strictly 1/4- 
pinched, for k sufficiently large, the flow (f)l is Anosov and 1/2-pinched. 

Thus, as a corollary of Theorem A we obtain the following. 

Corollary B. Suppose n > 3 and g is negatively curved and strictly 1/A-pinched. 
Then for any k sufficiently large, the hypersurface Sfe C TM is not stable if a is 
not exact. 

The corollary was first proved in [7, Theorem 1.4] for the case of n even (but not 
Theorem A) and this previous result was the motivation for the present paper. It 
shows that the stability condition may fail for whole intervals of energy levels. 

A caveat about the word "stable" is in order. One of the most remarkable features 
about Anosov systems is that they are structurally stable. This means that nearby 
systems are orbitally equivalent via a homeomorphism which in general is not C^. 
The stability condition in Symplectic Geometry is equivalent to the existence of a 
thickening of the hypersurface with smoothly conjugate characteristic foliations [51 
Lemma 2.3]. In some sense it is this additional smoothness that is being exploited 
in Theorem A. One can put this into different words as follows: The existence of 
the form 1-form A means that one can find a parametrization of the characteristic 
foliation such that the hyperplane bundle i?" is smooth. In general, E'^ ® E" 
is only Holder continuous. 

The assumption that M admits a background metric of negative curvature is 
most likely superfluous. We use it to construct a conjugacy between our flow and 
the geodesic flow of a metric of negative curvature on M . We use this conjugacy 
to show that the fundamental group tti{M) acts as a 'North-South dynamics' (see 
Section 2] and in particular Theorem 14.21) on the space of stable leaves on the uni- 
versal covering, and that the space of leaves admit a 'flip map' (see the discussion 
before the proof of Theorem 15. 6p . In order to remove the assumption of negative 
curvature one would need to prove Theorem 14.21 and Theorem 15.61 directly instead 
of constructing such a conjugacy. 

Acknowlegment: We thank the referee for Remark 13.61 

2. Preliminaries on Hamiltonian structures, holonomy and the Kanai 

connection 

Definition 2.1. A Hamiltonian structure is a pair (S,i^) where is a closed 

oriented manifold and w is a closed 2-form on S such that w"^^ ^ everywhere. 

If (S, io) is a Hamiltonian structure then ker uj deflnes an orientable 1-dimensional 
foliation of S, which we call the characteristic foliation. 
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Definition 2.2. Let (pt : N ^ N he a. smooth flow on a closed Riemanniaii manifold 
N, and let F denote its infinitesimal generator. We say that (pt is Anosov if there 
exists a d</)t-invariant splitting 

where RF is the 1-dimensional distribution spanned by F, and such that there exist 
constants C, /U > such that for all x e S and t > 0, 

\d,MO\<C\^\e-'^' for ^eE%x)- 

(OI<C|e|e-^*foree£;n^)- 

The Anosov property is invariant under time changes (see [101 Lemma 1.2] or 
PSI Proposition 17.4.5]), and hence we can define a Hamiltonian structure (S,a;) 
to be Anosov if the flow (pt of any vector field F spanning ker u is Anosov. 

We say that : E ^ S is 1/2-pinched (or 1-bunched [20]) if there exist positive 
constants C, A, a with A < 2a such that 

^IC|e-^* < \d^UO\ < Chicle-"* for ^ e E' and t > 0, 

^ie|e"^* < K(P-tm < C^ieie-"^* for ^ e and t > 0. 

We say that an Anosov Hamiltonian structure satisfies the 1/2-pinching con- 
dition if there exists some vector field F spanning kerw whose fiow satisfies the 
1/2-pinching condition. 

The 1/2-pinching condition is a natural one to study, and should be thought 
of as a statement about being 'strongly hyperbolic'. Unsurprisingly, an Anosov 
system possessing this enhanced degree of hyperbolicity enjoys greater regularity. 
More specifically, write E^ and E^ for the weak stable and weak unstable bundles 
E'^ (B MF and E" RF respectively. If an Anosov Hamiltonian structure is 1 /2- 
pinched, then E^ and E^ are of class [21\. The next example will be crucial 
for the proof of Corollary B. 

Example 2.3. Let {M,g) be a closed manifold with negative sectional curvature 
K. Then the geodesic fiow (pt : SM SM is Anosov (see [13 Section 17.6]). In 
fact, we can say more. By compactness we can find constants ki > kg > such 
that 

~kl<K< ~kl. 

Then, comparison theorems show that [5S1 Theorem 3.2.17] (see also pT, Proposi- 
tion 3.2]) there is a constant C > such that 

(2.1) ^l^le-'^-i* < \dAtm < C\^\e~''°' for ^ G E'{v) and t > 0, 

(2.2) ^l^le-'^^* < \d^(p-tm < C|C|e-^-«* for ^ G E^'iv) and t > 0. 

We see that (pt is 1/2-pinched as long as fci < 2ko. Therefore the geodesic flow of 
a metric whose sectional curvature satisfies —4 < ii' < — 1 is 1/2-pinched. 

We return to two more definitions regarding Hamiltonian structures. 

Definition 2.4. Let (S,w) denote a Hamiltonian structure. We say that (S,cli) is 
stable if there exists a 1-form A such that ker ui C ker dX and A A w"^^ > 0. A is 
called a stabilizing 1-form. Note that if A is a stabilizing 1-form and F is any vector 
field tangent to ker w we have ipdX = 0. If F is normalized so that A(F) = 1 then 
we say F is the Reeb vector field of A; note that the Reeb vector field is unique. 
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A stronger condition is the following. 

Definition 2.5. Let denote a Hamiltonian structure. We say that (S,i^) is 

of contact type if there exists a 1-form A such that dX = ui and A A w"^^ > 0. Note 
if (E, w) is of contact type then it is certainly stable, and that if (S, uj) is of contact 
type then uj is exact. 

Now let (EjO;) denote a stable Anosov Hamiltonian structure with weak bundles 
of class C^. Let A be a stabilizing l-form and let F be the Reeb vector field of 
A. Let 0( denote the flow of F; then (j)t is Anosov and TS = RF ® E'' ® E"", 
with ker A = ® i?". Then the weak bundles are C^; since A is C°° (and so 
the bundle ker A is of class C°°), it follows that the strong bundles E^ and E'^ are 
also of class C^. The importance of this is that, as we shall see in Theorem 12.61 
below, under these conditions there exists a unique connection V on E called the 
Kanai connection which satisfies certain desirable properties. This was originally 
introduced by Kanai in [53] ; see also [2H [T3] . 

Holonomy. We briefly recall the concept of holonomy transport along the weak 
(un)stable foliations defined by an Anosov flow. 

Throughout the remainder of this section, let N denote a closed manifold of 
dimension 2n — 1 and (j)t : N ^ N slu Anosov flow on N with infinitesimal generator 
F. We also assume that E E^ ® E" is smooth and admits a smooth symplectic 
form UJ which is (/)t-invariant. We extend this form a; to a form defined on all of 
TN by requiring that ipuj = 0. As above A is the 1-form defined by ker X = E and 
X{F) = 1. 

It is well known that the subbundles i?" and i?" , together with the weak bundles 
E^ and E^ , are all integrable. Namely, given any x e iV, we define 

W{x) := {y e N : dist{(t)tx, (jjty) -> as < ^ oo} 

and 

W{x) ■.= {y e N : dist{(j}tx, (fjty) ^ as i ^ -oo} . 
The sets ^{x) and W^''{x) are injectively immersed manifolds called the strong 
(un) stable manifolds at x and satisfy 

T,W'[x) = E'[x), T,W{x) = E^{x). 

These define foliations W and W" of N , called the strong (un)stahle foliations. We 
assume throughout this section that these foliations W, W" are of class C^. 
Similarly, given x ^ N .we define 

W+{x) := y MW'{x)] = y W'{^tx) 

and 

W~{x) := y cj^tWix)] = y W^{<f>tx), 
tGR teR 
which are then the weak (un)stable manifolds at x. They satisfy 

T^W+{x) = E+{x), T,W-{x) = E~{x), 

and define foliations W+ and of M . 

Consider the foliations W" and W^. It is well known that these are transverse 
to each other (i.e. E'^{x)(^E'^ {x) = {0}) and have complementary dimensions n— 1 
and n respectively. The same is of course true of the foliations W and W^, and 
all of what we say below can be repeated for them. 

By a foliation chart we mean a diffeomorphism ip : U ^ (—1, 1)"^^ x (—1, 1)" 
of the form x H> {(pi{x), (p2{x)) where U C N is open, such that the connected 
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components of W"|C/ are given by ipi — const and the connected components of 
W+|C/ are given by </ji — const. We then cah \] a foliated neighborhood. 

Let (</3, t/) denote a fohated chart defined on N. Given x G U, let Wij{x) := 
W'^{x) n U . Suppose y G W^{x) lies in the same connected component of W^{x) 
as X. We want to define the holonomy map 

^x,y ■ Wl}{x) Wl}{y) along the leaves 
o/W+ . This is defined as follows. Suppose p e W^{x). Then there exists a unique 
point q G W+{p) Ci W{}{y), and we define :K^^y{p) = q. The map y is of class 
C" for r > 1 if the foliations W" and W+ are also of class C"" . 

More generally, suppose 7 : [0,T] — ^ is a smooth curve such that 7(0) = x 
and -f{t) e W+{x) for aU t. Let y := -f{T) e W+{x). Then we can define JCJ^ by 
covering the image of 7 with foliated charts {ipi, Ui) for i = 1, . . . , / with x £ Ui 
and y Ui, and choosing points = to, . . . ,ti — T such that 7(ii„i), ^{ti) G Ui for 
each 1 < i < Z and then setting 

j£t; o j£^;r' , , o • • • o :h;^i 

It can be shown that CK^ j, o^ily depends on the homotopy class of 7 e (x) . One 
can check that if x, y, z are in the image of 7, then after suitably restricting the 
domains of definition, it holds that 

^^y.z ^^x,y ^^x,z- 

Moreover, since the foliations are 0t-invariant, for any curve 7 in the weak unstable 
foliation W+ we have 

(2.3) <t>to'KlyOct>^,=^l%''^^^y. 

Next, we consider the differential of iKJ y^ known as the holonomy transport along 

H2,y{p) dpKly : TpW-{x) ^ T^^. ^(^^ 
In particular we write 

H2^y : E-{x) E-{y) 
for the map H2^y{x) : r^VF"(x) TyWiy). Note that differentiating (US]) gives 

(2.4) dy^toHlyOd^_,,(t>-t=H^:°'J^^y ^sraapsE^{(f>tx)^E^i(t>ty). 

We say that a vector field X e T{E") is invariant under the holonomy transport 
along the leaves of W+ if for any curve 7 from x to y contained in W^{x) it holds 
that 

Hly{p){X{p)) - Xi^ZJp)) for aU p e W^x). 

The Kanai connection. We now recall the definition and main features of the 
Kanai connection. 

Let / be the (1, l)-tensor on N given by I{v) = —v for v e I{v) — v for 
V G E^ and I{F) — 0. Consider the symmetric non-degenerate bilinear form given 

by 

h{X, Y) Lu{X, IY) + \® \{X, Y). 

The pseudo-Riemannian metric h is of class and thus there exists a unique 
affine connection V such that: 

(1) ft, is parallel with respect to V; 

(2) V has torsion lu ® F. 

Theorem 2.6. The Kanai connection V has the following properties: 
(1) V is (jjt -invariant, Vw = 0, Vi? = Lp and VF = 0. 
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(2) The Anosov splitting is invariant under V, that is, if Xs G T(E'^), S 
T{E^) and Y is any vector field on N then 

VyXs e T{E'), VyX„ e r(s"). 

(3) The restriction of V to each leaf of the foliations W and W" of N is 
flat (note that restriction of the connection to the leaves of the stable and 
unstable foliations is smooth so it makes sense to talk about its curvature). 

(4) Parallel transport along curves on the weak stable and unstable manifolds 
coincide with the holonomy transport determined by the stable and unstable 
foliations. 

Remark 2.7. Let us observe that since we know that the restriction of V to each 
leaf of W and W" is flat, it follows that y is independent of 7. Thus we will 
omit 7 from the notation and simply write Hj-^y. 

Lemma 2.8. The holonomy transport Hx.,f,fX is given by dx4>t\E'^ [x) , that is, 

Hx,<t,tx = dx(l)t\E'^{x) as maps E^{x) E'^{(j)tx). 

Proof. Fix X e N, and let T{t) := (jytx. Fix ^ G E'^{x), and let V{t) denote the 
vector field along T{t) defined by V{t) = dx4>t{C)- It suffices to show that V is 
parallel: V^V = 0. 

Note that T{t) = F{iptx). Since Vf ~ Lp we have 



d 



^ F(<t,tx)y{t) = ^ ^_ji4„x(i3~t{V{<j)tx)) 



d 



t=o dt 
and the lemma follows. □ 

3. Constructing the Invariant Subbundles 

Throughout this section let (S, uj) denote a stable Anosov Hamiltonian structure 
of dimension 2n— 1 where n > 2, A a stabilizing 1-form for (S, oj), F the Reeb vector 
field of A, and 0( the flow of F. If n is odd, suppose that the weak (un)stable bundles 
are of class C^. If n is even, assume that the Anosov Hamiltonian structure is 1/2- 
pinched. In either case, the Kanai connection V is deflned. The goal in this section 
is to construct a subbundle of i?" that is invariant under both (j)t and the holonomy 
transport along the leaves of the weak stable foliation W+ . It is the existence of this 
subbundle that we will then exploit in Section [S] in order to prove Theorem A from 
the introduction. The main ideas for these constructions come from tl 51 [T51 [111124) . 

In the even dimensional case we will need to know that dX is parallel with respect 
to the Kanai connection. This is the only place in the paper where we will actually 
use the 1/2-pinching condition (as opposed to just weak (un) stable bundles). 
The following lemma is due to Kanai ([24, Lemma 3.2]). 

Lemma 3.1. Suppose (f>t is a time change of a l/2-pinched Anosov flow. Then 
V(dA) = 0. 

Proof. Suppose r is any invariant (0,3)-tensor annihilated by F, i.e. ipT ~ 0. 
We claim that r must vanish. Note that if ipt is any time change of <j)t, then ipt 
also leaves r invariant since F annihilates r, so in the proof below without loss of 
generality, we may assume that </)( itself is 1/2-pinched. 

To see that r vanishes consider for example a triple of vectors {£,1,^2,^3) where 
^1,^2 G E'^{x) but ^3 € E^{x). Then there is a constant C > such that 

\Tx{£iA2,£.3)\ = \T4,tx{dx(t)t{£.l),dx(l>t{£2),dx(t)t{£3))\ 

<Ce(^-2-)*|ei||6lk3|, 
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By the 1 /2-pinching condition the last expression tends to zero as t — ;> oo and there- 
fore ■'■^('^1,^2,^3) = 0. The same will happen for other possible triples (^i,f2,'f3) 
when we let t — >■ ±00. 

Since dX and V are 0t-invariant, so is V((iA). Since ipdX — 0, W{dX) is also 
annihilated by F (to see that ^p{dX) = use that dX is (/)t-invariant and that 
\7 p = Lp). Hence by the previous argument applied to r = V((iA) we conclude 
that V{dX) = as desired. 

□ 

Lemma 3.2. There exists a smooth (pt- invariant bundle map L : E ^ E such that 
for X,Y^T{E), 

dX{X, Y) ^ u}{LX, Y) ^ uj{X, LY). 

Moreover L preserves the decomposition of E = E'' G) i?", that is, L = + 
where L" : E" E' and L" : E'' ~> E"" . 

Proof. Since dX is i/ii-invariant and annihilated by F, there exists a (/)f-invariant 
smooth section L oi E* ® E such that the stated equation holds. It remains to 
check that L preserves the decomposition, that is, L commutes with /. But this is 
clear: if e TiE") then 

dX{Xs,Ys) = XsX{Y,) - YsX{Xs) - X{[X,,Y,])- 

using integrability of E^ and the fact that ker X — E, we see that 

= dXiX,,Ys)^u;iLX„Y,), 

and hence LXg e r{E''). The same argument applies with sections of £'". □ 

The construction of the invariant subbundle will depend on the parity of n. We 
will begin with the easier case, when n is even. 

The case of n even. Since dim Y, = 2n—l and n is even, we have dim — n—1 
an odd number. Thus for any x G S, the map L" : E'^{x) — >■ E'^{x) admits a real 
eigenvalue p^- In fact, we have the following result. 

Lemma 3.3. There exists p G M such that = p for all x G E. 

Remark 3.4. In the proof of the lemma we will make use of the fact that (j)t is 
a transitive flow. To see this, we first note that since (pt preserves a probability 
measure, the non-wandering set fl{(f>) of 0t is necessarily equal to all of S (see 
for instance [T] or [251 Chapter 18]). It is then a standard result that an Anosov 
flow whose non-wandering set is the whole space is transitive (see for instance 
p. 576]). We also remark that since (pt is Anosov the set of periodic points is dense 
in the no n- wandering set f2(0), and hence dense in S; we will use this observation 
in the next subsection. 

Proof. For fc > 0, let ak{x) denote the coeflicient of t'' in the characteristic poly- 
nomial Px{t) of L". Then : S — > R is continuous and (/)t-invariant. Since (pt 
is transitive, is constant. Thus the characteristic polynomial Px{t) of L"^ is 
independent of x, and so each admits the same eigenvalues. □ 

Let therefore po G K be a common eigenvalue of the maps {i"}. Let 
(3.1) Pp,{x) := U e E^i^) ■■ LIS. = ^ {0}. 

Proposition 3.5. The map x i~> Pp„(x) defines a subbundle of E^ . Moreover 
for X G S, the restriction of Pp^ to W^{x) is integrable. 
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Proof. Since dX is V-parallel by Lemma 13.11 Pp„ (x) is invariant under the parallel 
transport of V. More precisely, given a curve 7 from x to y, ii y '■ — > Tyl] 
denotes the parallel transport along 7 with respect to V, then 

since for f € E^{x), if — po^, then 

Indeed, we have for any vector fields X, Y, Z that: 
= {VxdX){Y,Z) 

= Vx{dX{Y,Z))-dX{VxY,Z)-dX{Y,VxZ) 

= \7x{io{LY,Z)) -u{L{VxY),Z) -uj{LY,VxZ) 

= Vx{lo{LY,Z)) -u{Vx{LY),Z) -uj{LY,VxZ) +Lo{{VxL)Y,Z) 

= Vxoj{LY,Z)+Lo{{VxL)Y,Z) 

= u:{{VxL)Y,Z), 

where the last equality used the fact that Vo; = 0. Thus L is parallel, and hence 
and are also parallel. Thus: 

Lyyzjo = yiy{L:o 
= yiyifoO 
= p^yzjo- 

It remains to check that the restriction of Ppj, to W'^{x) is integrable. Note that if 
X and Y are parallel sections of over W'^{x) then since V has no torsion over 
E^, we have 

O^WxY -WyX ^ [X,Y]. 

□ 

The case of n odd. We now want to construct a -invariant subbundle Pp^ C 
that is invariant under holonomy transport along the leaves of W+ for the case when 
n is an odd integer. As before we construct the maps : E^{x) — !• E'^{x); however 
in this case since dim E^{x) = n — 1 is even, it is no longer necessarily the case 
that admits a real eigenvalue, and so our previous construction will not work. 

Remark 3.6. Recall we are only assuming that (j)t is a time change of a 1/2-pinched 
Anosov flow in the even dimensional case. Thus in the odd dimensional case Lemma 
13. H is not available to us. If however we did assume that V{dX) — then we could 
dramatically simplify the treatment of the odd-dimensional case both in this section 
and in Section [SJ Indeed, whilst in the odd-dimensional case the characteristic 
polynomial p{t) of no longer necessarily admits a real eigenvalue, it is reducible 
over M to a product of quadratic factors, say p{t) = qi{t) . . . qk{t)- We may then 
define sub-bundles Pi := ker qi{L") of i?", which have constant non-zero dimension. 
Since V((iA) = these are parallel and hence integrable. We thank the referee for 
this observation. 

Let E^ := E'^ ^ C denote the complexification of E"^, and let I. : E^ E^ 
denote the complex linear extension of i". Given p € C, we set 

Qp{x) := e -B"(a;) : ^ = ReC for some C, & E^ with L^^^C = pC) ■ 

By the same arguments as those used in the proof of Lemma 13.31 there exists an 
open 0t-invariant set OCT, with the property that for any fixed p G C, the 
dimension of the subspaces Qp{x) is constant for x E O. Thus Qp\0 defines a 
continuous 0f-invariant subbundle of i?"|0 for all p E C 
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Now define a new bundle Pp over all of E by setting 

(3.2) Pp(x) := fl {Hy^^Qpiy) : y e O n W^x)} . 

We call Pp the holonomy intersection of Qp (see |19', p685], as well as [13, Section 
8]). Note that Pp is clearly holonomy invariant. The next result is Lemma 2.7 in 

m- 

Theorem 3.7. For all p Cz C, Pp is a continuous (j)t -invariant subbundle of 
over E. 

Proof. Let 

K :— minjdim Pp{x) : x € T,} . 

Since the dimension of K is constant along the leaves of W, there exists xq ^ O 
with dimPp(a;o) = K. We can choose points xi, . . . ,xe £ W^{xo) n O such that 

-Pp(^o) = n H^^,^^Qp{xi). 
1=1 

Since Qp and the holonomy maps Hx^^xq ^^re continuous there exists an open neigh- 
borhood Oo ^ O n W~{x[)) of xq such that the following holds. Given j/o G Oq 
there exist open neighborhoods Ui of Xi such that the connected component of xi 
in the set Ui fl W''{yo) fl W^[xi) consists of a single point yi, and moreover that 

I 

dim Pi Hy^^y^Qp{yo) < K. 

i=l 

By minimality of K this forces 

1=1 

in particular this proves we can find a neighborhood V of xq in E such that the 
restriction of Pp to y is a continuous subbundle of E'"\V. But then since 

S = U W^{y), 
y&v 

it follows that Pp is a continuous subbundle of i?" over all of E. □ 

Unfortunately, it is not necessarily the case that Pp is of positive dimension. To 
ensure this, we will need to choose p G C carefully. Here is the general idea; the 
precise construction (due to Hamenstadt |19l Section 2]) is somewhat technical. We 
choose a periodic point q of (j)t, with period T > 0, say. Then dq(j)T ■ TqT, TgT, 
induces a map : E'^{q) — > E'^{q). Let Ag denote the complex linear extension 
of to a map E'^{q) — )■ E^{q), and let cr € R, cr > 1 denote the minimal absolute 
value of an eigenvalue of Aq. We are interested in the subspace S{q) C E'^{q) con- 
sisting of the subspace spanned by the union of the eigenspaces of Aq corresponding 
to eigenvalues of absolute value a. 

We then use holonomy transport to carry S{q) to subspaces S{x) C E'^{x) for 
X e W^{q). thus creating a distribution S over E'^\W^ {q). 

What is the point of this construction? Suppose now q G O (where O is the open 
set defined earlier on which Qp is a continuous subbundle of E"\0 for all p G C - 
such q always exist since the set of periodic points of (f>t is dense in E, see Remark 
13. 4p . Then one shows that : E"{q) E'^{q) preserves the subbundle S{q), and 
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thus hq : E^{q) — >■ E'^{q) preserves the complexification Sc{q) ^ E^il)- Moreover 
if po is an eigenvalue of Lg|S'c('?), we will show that the subspace 

QpMriS{q)CE^{q) 

(which is necessarily of positive dimension) is contained in Pp^{q)\ in other words, 
for this choice of po; Ppo is of positive dimension, and this gives us our desired 
subbundle of E'" for the case where n is odd. 

We will now begin with the details of the construction. 

Since q is periodic of period T, dqcjiT ■ TgE TgY, defines a hyperbolic linear 
map Aq : E{q) — >■ E{q) which preserves E'^{q) and E'^{q), and so defines maps 
: E%q) -> E^iq) and : E'^iq) E"iq). Let A, : El{q) E^{q) denote 
the linear map induced by . Let cr € M denote the smallest absolute value of an 
eigenvalue of A, (note ct > 1 as d(pt\E'^ is expanding). 

Now let us set 

S{q) span{C e E^iq) : 3C e E^iq), p e C, \p\ = a, with ^ = ReC, A,C - pC} ■ 
Then for x E W'^{q) we define 

S{x) Hq^AS{q)]- 

Then 5 is a -subbundle of E'^\W~^{q) and moreover using (|2.4p and Lemma [^751 
we see dx4>t[S{x)] C S{(j)tx) for all x S W^{q); in particular Aq maps S{x) to itself. 

We now make a little digression into some elementary linear algebra. Given an in- 
vertible complex linear endomorphism A : C™ — > C™, decompose C™ = 

into the root spaces of A, and let ^ , . . . , Q^^^ , • ■ • , C^'p^) ' ■ • ■ > ' • ■ • > ^d(pfc) } 
denote a basis of C™ such that A is in Jordan normal form with respect to this 
basis. That is, we have d{pj) = diml^''^, A£_'^' — PjCi^ for j = l,...,fc and 
Aff = +^2' +■■■+ ef^i + Pi^-' for z > 1 and J = 1, ... , k. Now set 

■ ip,r^ ' 

and define a Hermitian inner product (•, •) on C™ by declaring {-q^^ } to be a unitary 
basis. 

Let a := min{|pj| : j = 1 . . . , fc}, and set 

5* := spaiic {^f^ : \p>\=a} . 
Then for any ^, r/ g 5 we have 

{AtArj)^a^ (^,,7), 
The following result is essentially due to Hamenstadt. 
Lemma 3.8. Let ^, 77 € C", with rj e S, rj ^ and £, <^ S. Then 

(3.3) lim I , , ^ I = 00. 

^ ' fc-*oo \A'^ri\ 

Proof. The crux of the proof is the following formula, whose proof can be found in 
[TOl Corollary 2.3]. Suppose ^ G C" is a root vector for A with eigenvalue p ^ 0, 
that is, there exists j G N such that 

{A-pUyC^O but {A~ pidy-\ ^0. 

Then 

Ak/- 1 

lim — -V = —TT- TTt(^ - (jldy-\. 
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In particular, if either: 

(1) p, p' are eigenvalues of A with |p| < \p'\ and C e are root vectors for 
A with eigenvalues p, p' or 

(2) C and C' are both root vectors for A with eigenvalue p, such that there 
exists j G N with 

{A-pidyc = o but {A- puyc ^0, 

then 



lim 



This implies the lemma. 



□ 



We return now to the problem at hand and prove the following result ( |19l 
Lemma 2.5]). 

Proposition 3.9. The map preserves the bundle S over E'^\W~^{q). 

Before getting started on the proof, we introduce an auxilliary inner product 
that will be helpful for this result and its sequel. Let us fix an inner product (•, •)^ 
on E"{q) with the property that if ^,77 € S{q) then (A^^, A^?])^ = (C)'?)^ (such 
an inner product exists by the discussion above). Then extend (•, •)^ to an inner 
product (•, •)^ for all x E W'^{q) by 

(e, v), {H,,g{0,H.Jv)), for x E W^q), V e E"{x). 

Let |-|^ denote the norm induced by (•, •)^ for x E W^iq). 

Proof. ( of Proposition \S.9\) 

First note that by (|2.4p for any x E ^{q) and fc e Z, 



(3.4) 



kT 



{Alf o H^^q as maps £;"(x) ^ E'^iq). 



Thus if ^ e -B"(x), i i S{x) and E S{x),r] 7^ we have 



\H^,^x,q{dx<l>kT{0)\ 



\dx(t>kT{v)\4>,^x 



\PkTX,q{dx(l)kT{r]))\g 



{a^Yh^^M 

and then since Hx.qivj) E S{q) but Hx^q{£,) (f. S{q), the previous lemma tells us that 

\dx(l)kTiO\ch,.^x 



k->-co \dx4'kTiri)\ 



Now let B denote the ball 
B 



{x E W'iq) : dist(g,x) < 1}. 

Using continuity and compactness of B, we see that the operator norm of L" with 
respect to the norm |-| on is uniformly bounded on B. 

Suppose now for contradiction that there exists x E M^^(q) and ^ E S{x) with 
L"^ ^ S{x). Then since is (/<t -invariant we have 



Ll,^. {d.<t>kT m = dx(t>kT {L^O 



for all > 0, and thus 



lim 



\dx<PkT (OU,rx 
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In other words, the operator norms with respect to |-| of the eiidomorphisms i^^^^j 
of E"{(f)kTx) tends to infinity as fc — >■ oo, contradicting the fact that (pkTX G B for 
k large enough. 

Thus preserves S over E^'-\W^{q). To complete the proof we need to show 
preserves S over all of E'^\W^ {q). This however is clear, since L" is 0f-invariant. □ 

Proposition 3.10. Given x £ W'^{q) we have 

= Hq^x ° Lq ° Hx,q as maps S{x) — > S{x). 

In other words, when restricted to the subbundle S over W^{q), the map L" 'com- 
mutes with holonomy'. 

Proof. As before, since commutes with d(l)t it suffices to verify the assertion for 
X G Wiq). Thus given x S Wiq), define S End 5 by 

Cx = L^ — Hq,x ° Lq O Hx^q- 

To complete the proof we show that Cx =Q for all x £ (g) . To do this we shall 
show that the function /3 defined on ^{q) by 

m = \\cAx 

(where here ||-||^ denotes the operator norm on E^{x) with respect to {■,-)x) is in- 
variant under (pT- Since /3 is continuous and /3{q) = it then follows /? is identically 
zero, and hence Cx = for all x E ^{q). 
Since is 0f-invariant we have 

X {dx4^T iO) =d.<t>T{CxiO) 
for aU X £ Wiq) and £_ £ S{x). Since (using (jXil) ) 



\d.MO\x = \HxAdxMO)\q 

= \A:;{H+q{0)\ 



for all ^ £ S{x) and x £ W'^{q), for fc > we have 

\C^kTxOdx(t>kT{£.)\4,^^x _ IdxCpkT oCx{0\4,^^x 



which proves the assertions about the map /? stated above. □ 

The point of all this work is the following result. 

Corollary 3.11. Let po £ C be an eigenvalue ofhq\Sciq)- Then the dimension of 
Pp^ is strictly positive. 

Proof. From the previous proposition it follows that the non-trivial subspace Qp^ {q)r] 
S{q) is contained in Ppg{q), and hence in the notation of Theorem 13.71 the integer 
K — dim Ppg is strictly positive. □ 

We conclude this section with the following construction, again due to Hamen- 
stadt |19i p686]. If is a real vector space and Vi C V are even dimensional 
subspaces admitting almost complex structures J^, let C\i{Vi,Ii) denote the largest 
subspace W C f^.Vi which is invariant under the JJ^ and such that Si\W — Sj\W 
for all i,j. We call C\iiVi,Ii) the complex intersection of the (V^, Ji). 
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Now suppose the po we found above happens to he in C\M. Then if we consider 
the operator 

J:= T^(i"-(Repo)Id), 
Im Po 

it is easy to see that J defines an ahnost complex structure on Qp^ . 
If follows that if we define a new bundle over all of S by setting 

(3.5) Pp^„(x) -.^{^{{Hy^.QpMJy) ■■ y e w^{x)}, 

then the same proof as above shows that P^ is a continuous 04-invariant subundle 
of i?" over E of positive dimension. We shall use this observation later. 

4. North-South Dynamics 

In this section we return to the situation described in the introduction. The main 
goal of this section is to prove Theorein l4.2l below: we will use heavily the assumption 
that M admits a metric of negative curvature. As stated in the introduction however 
it should be possible to prove Theorem 14 . 2 1 without using this assumption. 

Throughout this section (Af, g) denotes a closed n-dimensional Riemannian man- 
ifold with tangent bundle tt : TM — > M. We first begin with a quick summary of 
the geometry of the tangent bundle that we will need throughout what follows. 

The geometry of TM. The vertical bundle V C TTM is given by 

V{v) = ker {d^-K : T^TM T^M} , 

where for convenience throughout this paragraph an arbitrary vector v G TM 
is assumed to lie in T^M. The Riemannian metric g on M determines a direct 
summand H of the vertical bundle V, called the horizontal bundle together with 
isomorphisms 

T^TM = H{v) ® V{v) ^ T^M ® T^M. 
Let V denote the Levi-Civita connection on {M,g). We make this isomorphism 
explicit as follows: given ^ g T^TM associate a point {£,h,£.v) G T^M © T^M, 
where 

= dt,7r(^) 

and 

Here K : TTM — ^ TM is the connection map of V, defined as follows: given 
^ e T^TM, choose a curve Z : {-£,£) -5> TM such that Z{0) = v and Z{0) ^ 
Then 

i^.(C) = VtZ(O), 

where Vt denotes the covariant derivative along the curve n o Z. 

H{v) is thus defined to be the set of f g T^TM such that — 0, and similarly 
V{v) is simply the set of ^ G T^TM such that — 0. Clearly the map ^ £,h 
defines an isomorphism H{v) — > T^M and similarly f !—>■ defines an isomorphism 
V(v) — >■ TxM. In general we shall slightly abuse notation and write ^ = {^h,(,v) 
to indicate this identification. 

It is easy to see that given ^, r/ G TTM we have 

^o{^, v) = {^H, Vv) - {^v, Vh) , 

where as before ujq denotes the canonical symplectic form on TM. We define the 
Sasaki metric gxAi on TM by setting 

{Lv)tm — {^h,Vh) + {£,v,Tlv) , 
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SO that Wo and qtm are compatible. 

North-South dynamics. As before, let H : TM — )■ M denote the energy Hamil- 
tonian (x, w) n- 5 |f and let Fi denote the symplectic gradient of H with respect 
to wi. Let (l>\ : TM TM denote the flow of Fi. Let Efe = H-^{k) denote a 
closed energy level set, where fc is a regular value of and assume that |Sfe 
is Anosov (we do not need to assume weak (un)stable bundles at this point). 
Write the Anosov splitting of TSfc as 

Ti:k=^Fi®El®E'l. 

We first quote the following theorem from |30) . which will very useful in what 
follows. 

Theorem 4.1. // Sfc is an Anosov energy level then the weak (un)stahle bundles 
E^ andE^ are transverse to the vertical subhundle V . 

Now let M denote the universal covering of M, and let denote the pullback 
of Sfe to TM. Then E/j is a smooth connected hypersurface of TM that intersects 
each tangent space T^^M in a sphere containing the origin in its interior (since the 
same is true of Sfe). Let a denote the pullback of a to M and let ujq denote the 
natural symplectic form on TM. Let wi := luq + Tr*a, where tt : TM — >■ M is 
the footpoint map. We will let Fi denote the symplectic gradient of the lifted 
Hamiltonian (x,w) H> ^ \v\ with respect to uJi. We will write cj)} : TM TM 
for the flow of Fi. By assumption 4']\'Ek is Anosov, and we will write the Anosov 
splitting as 

TSfc = RFi(BEf(BE^. 
Similarly let us denote by V and H denote the vertical and horizontal subbundles 
of TTM. 

As before let W^,W", W+ and denote the four foliations of E^ defined by 
the subbundles E^,E'^,E^ and E^ respectively. We can lift these to foliations 
W^W",W+ and W- of Efc. Let L+ = Efe/W+ and £- = Sfc/W" denote the 
spaces of weak stable and unstable leaves respectively. The fundamental group 
7Ti{M) (regarded as covering transformations of M) acts on E^ freely and properly 
discontinuously by permuting the orbits of (pl- Since elements of 7ri(M) act by 
isometries, the action on must send weak (un)stable leaves to weak (un)stable 
leaves, and thus 7ri(M) induces an action on and . 

The aim of this section is to prove the following result. 

Theorem 4.2. Suppose M admits a metric of negative curvature. The fundamental 
group TTi(M) acts on both L'^ and as a 'North-South dynamic'. By this we mean 
the following: for all ip G tti{M), there exists two fixed leaves , G £^ and 
two fixed leaves , W2 G ^~ such that for all G it holds that 

lim = W^, lim ip-''[W^] = W^. 

Consider the fibration 

7r|Sfc : Efc M 

of {n — l)-spheres. As a direct consequence of Theorem 14. 1[ we see that the foli- 
ations W+ and W~ are transverse to the fibres of the fibration E^ — > M. This 
implies that W+ and W~ are transverse to the fibration 7r|Efe : E^; — > M. 

Given x G M, the fibre (7r|Efc)~^ (a;) is compact. Thus we can apply the following 
theorem of Ehresmann. 
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Theorem 4.3. Let F E ^ B be a fibre bundle and 3^ a foliation of E transverse 
to the fibres. Suppose F is compact. Then for every leaf L of J, p\L : L B is a 
covering map. 

For a proof, see [B] p91]. Now fix w G Sfe. Since M is simply connected, 7f|VF+(u) 
is a diffeomorphism, and thus simply connected. Thus W~^{v) intersects 

each fibre of the fibration — > M in precisely one point, and thus each leaf 
W^{v) is diffeomorphic to M. Thus M is diffeomorphic to R", and the space of 
stable leaves can be identified topologically with the {n — l)-sphere. Of course 
the same applies to L~ . 

Now we recall the concept of the ideal boundary of M. For this, let gQ denote 
a metric of negative curvature on M (whose existence we assume in this section), 
and lift to a metric go on M of negative curvature. 

Definition 4.4. The ideal boundary Mgg{oo) of (A/, go) is given by Afgp(oo) := 
Agg(M)/ ^, where Agg{M) denotes the set of go-geodesic^ c : M — > Af of M, and 
Ci ~ 02 if and only if 

distHD(ci[M+],C2[M+]) < oo; 
here distuD denotes the Hausdorff distance defined by 

distHD(C/, V") :=inf {reM : U Q B{V,r),V Q B{U,r)} , 
where U,V CM and B{U, r) := e a7 : distgo(j:, U) < r|. 

Given x E M and v E T^M, let c„ : K. — > A^ denotes the unique go-geodesic 
adapted to v, and let c^(cx)) € Mgg(oo) denote the corresponding element of 
Mgg{oo). If is the geodesic obtained by going along backwards, let c„(— oo) 
denote the element of Mg^ (oo) corresponding to c~^. 

Let S^°M denote the unit sphere bundle of (A/, go)- Fix a point x £ Af, and 
consider the map Sx ■ S^^'M — )■ M^°{oo) sending v !—> Cy{oo). Then s^ is a bijection, 
and we define a topology on Afg„ (c») so that that Sx becomes a homeomorphism; 
thus Mgg{oo) = 5""^. This topology is independent of the choice of x, since 
Sy o Sx^ ■ S^°M — > S^^M is a homeomorphism. 

The next thing we require is the concept of a quasi-geodesic. 

Definition 4.5. A curve 7 : [a,b] — >■ Af is an quasi-geodesic of (A/, go) if there 
exist P, Q e M+ such that 

l^\s-t\-Q< distg„(7(s), 7(0) <P\s-t\ + Q 

for all s,t £ [a, b]. If we need to be explicit about the constants P, Q, we call such 
a quasi-geodesic a [P, Q)-quasi-geodesic. 

We now quote two theorems which explain why this is relevant to the situation 
in hand. The first is due to Peyerimhoff and Siburg ([31, Theorem 2.9]). 

Theorem 4.6. Suppose 0(|Sfc is Anosov. Then there exists a constant P^ G 
such that the projection to M of any orbit of is a {Pk,Q)-quasi-geodesic. 



For clarity we will use the letter c to stand for go-geodesics and 7 for the projection to M of 
flow lines of <f>\ . 
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Remark 4.7. In fact, Theorem 14.61 is stated in a somewhat different form in |31j : 
there they assert that when k is greater than a certain critical value c{g,a) known 
as Mane's critical value then the projection to M of any minimizing orbit of (pl 
is a quasi-geodesic. See for instance [H [5] for the definition of c{g,a), where it is 
proved that when <j>l is Anosov, it necessarily holds that k > c{g,a), and that in 
this case, every orbit of is minimizing. 

We can build the quasi-ideal boundary M*^ (oo) in much the same way using 
quasi-geodesics. If 7 : M — > M is an go-quasi-geodesic, we write 7* (00) to denote 
the corresponding element of M*^{oo). Note that any geodesic is automatically 

a quasi-geodesic, and thus we have a natural map Mgg{oo) ^ M*^{oo) carrying 
an equivalence class of geodesies to the corresponding equivalence class of quasi- 
geodesics. This is the second theorem we quote here; a proof may be found in [271 
Theorem 2.2]. 

Theorem 4.8. The inclusion Mgg{oo) ^ M*^(oo) is a bijection. 

We will use this to show the following key result, whose proof is essentially that 
of Theorem 2.12 in [57]. The result however is originally due to Gromov (see |17j). 
and also independently due to Ghys ( |16[ Theorem 4.5]). Let tpt denote the geodesic 
flow of {M,go) and let tp'^ denote the geodesic flow of [M^g'^). Let S^oM denote 
the unit sphere bundle of (M, (Jq). 

Theorem 4.9. (j)\\Tik and tp'^lS^" M are topologically conjugate. 

Proof. Given v G Sfe, let 7^ :— tt o (p^v. Then determines an element 7* (00) € 
M*^(oo) by Theorem l4.6[ and thus by Theorem l4.8l a unique element ^„ g Mgg{oo). 
Let € Mgg{oo) denote the element corresponding to 7*(— 00) e M*^{oo). 

Suppose (,£, ^ A/go (00). Then there exists a unique go-geodesic c such that 
c(oo) = C and c(— 00) = Let P(c) : M — >■ M denote orthogonal projection onto 
c, and use this to deflne a map P(C, C) : M ^ Ss<^M by 

P{(,^){x) = c{t) where P{c){x) = c{t). 

Now define Go : ^ S<>°M by setting 

Ga{v) :=P(e.,C')(^«), 
Then Go is continuous and surjective but in general not injective: there may exist 
two points v,v' on the same orbit of (f)\ that have the same orthogonal projection 
onto the go-geodesic c determined by = and ^"^ = S^^} . In order to achieve 
injectivity we 'average' Go. For this look at the map p : R x — >• S^°M defined 

Go{4>]v) = ipp(t,v){Go{v)). 
Then p satisfies the cocycle property, that is, 

p{t + t',v)= p{t,4,l,v)+ p{t',v), 

as is easily checked. Now choose r e M+ such that p{t,v) > for all t; e Sfe. and 
then let r(v) denote the average 

1 r 

r(v) .— — pit, v)dt. 
T Jo 

Next define G^ : Efc S^^M by 

Gt{v) = Vr(t,)(Go(w)). 
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We claim that Gr is injective. For this observe that if 

then / is monotone increasing. Indeed, 

f'{t) = - [ p'{u + t,v)du 
^ Jo 

= -{p{T + t,v)- p{t,v)) 
T 

= -p(r, ^^i;) > 0. 

T 

The claim then follows from the computation 

Gr{4'lv) = Vr(Vti')(G'o(0tW)) 

= i^rit(,tv)+p{t,v)iGo{v)) 

= ^fit){Go{v)). 

Finally, in order to deduce the stronger statement that (j>l\'Sk and tp[\S^°M are also 
topologically conjugate, one simply notes that Go is obviously equivariant under 
the action of 7ri(Af), and hence so is Gr', thus Gr descends to M to define an orbit 
equivalence G'^ from and ^[\S^"M. □ 

It is now easy to prove Theorem 14.21 Indeed, it is well known (see for instance 
[26l Theorem 3.8.13]) that Theorem 14.21 holds in the case of a geodesic flow of a 
negatively curved manifold. Thus if M admits a metric g'g of negative curvature, 
Theorem 14.91 gives us an orbit equivalence between (/ij |Sfc and the geodesic flow ij^l 
of (M, Qq), and via this orbit equivalence we see Theorem 14.21 holds in our case too. 



5. Proof of Theorem A 

We will now prove Theorem A. Our proof of the theorem will depend on the 
parity of n; moreover, a separate argument will be required to deal with the cases 
n = 3 and n — 7. We will start with the case where n is even. 



The case when n is an even integer. In the even dimensional case, recall that 
we assume (j>]\'Sk is 1/2-pinched. Since (Sfc,aji) is stable, there exists an invariant 
subbundle Pp^ of as constructed in Section O see p.ip . The maximal integral 
submanifolds of Ppg define a foliation J'(f) of class G^ on W'^{v). Since P is 
invariant under parallel transport, it is also invariant under holonomy transport 
and thus the foliations CP(w) glue together to give a foliation T of class G^ on 
that is invariant under the parallel transport of V and thus also the holonomy maps. 
Thus y can be lifted to Sfe and then projected to a foliation J" of of positive 
dimension. 

Since T is invariant under 0t, 5" is invariant under the action of 7ri(M). Here 
Theorem 14. 2 1 of the previous section comes into play: tti{M) acts on as a North- 
South dynamics. A theorem of Foulon [TS] states that there are no non-trivial 
foliations of the sphere S*""^ which are invariant under North-South dynamics. 
Since we know that CP' is of positive dimension, we must have CP' = and hence 
the subbundle Pp^ is equal to i?". From this it is easy to deduce that dX — pqlui, 
where po S K defines Pp^ ; see p.ip . 

To complete the proof in this case it remains to rule out the possibility that 
Pq = 0. Suppose for contradiction that this is the case. Then the 1-form A is 
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closed. Let /i denote a Borel probability measure on S^. Recall that /i determines 
a 1-current by 

We say that ^ is exact as a current if (/?) = whenever (3 is closed. Now let 
denote the Liouville measure of (defined precisely below) . Then by Lemma 15.11 
below, is exact as a current. But 

contradiction. Thus po ^ 0: this completes the proof in the even dimensional case. 

For completeness let us give a precise definition of the Liouville measure fi l and 
prove that it is indeed exact as a current. Whilst in general there may exist many 
invariant volume forms on an energy level Sfc, and thus many invariant probability 
measures, in the special case where the energy level is Anosov, the Liouville 
measure is the unique smooth invariant probability measure. It can be defined as 
follows. Let X S rTM|Efe denote a vector field such that uJi{X,Fi) = 1 (such a 
vector field always exists since is a regular energy level). Observe that 

and hence if Q := ix^i then 8 is a volume form on E^. Now observe that loi~^ is 
exact for n > 3. Indeed 

c^r' = (^0 + 7rV)"-i = (^o)""' + {n- 1)^V A (wo)""'. 

On the right-hand side the first term is exact. For n > 3 the second term is exact 
as well and the claim follows (when n = 2, wi is exact if M is not the 2-torus, but 
we do not need this here). Then ipi® = dr and preserves the volume form O. 
Let /zl denote the smooth invariant probability measure induced by O; /zl is called 
the Liouville measure. 

Lemma 5.1. The Liouville measure fi^ ofT,k is exact as a current. 

Proof. Let f3 E fl^CEk,^) denote any closed 1-form and let A be the integral of 8. 
Then 

Al^AP) = A f PiF,)dfiL 

= [ drAP 
J^k 

and this last integral is zero by Stokes' theorem. □ 

The case when n is an odd integer. We now proceed to the second case, where 
n is odd. We no longer need to assume that (pll'Sk is 1/2-pinched, only that the 
weak (un)stable bundles are of class C^. The next result is from [13, Lemma 2]. 

Lemma 5.2. Let K C iJ" he a continuous distribution of k- dimensional planes 
defined everywhere on E^. Then K projects onto a continuous field Q of k-planes 
on S*"-!. 
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Proof. Let C C M denote a closed submanifold of M diffeomorphic to S"^^. For 
each a; e C, let ^{x) £ T^M denote the inward pointmg normal to C at x. Thus 
K{i'{x)) C Ei{i'{x)). Then note that given a; e C and v £ Ef{x), the map 
dvTT\E'^ : E'^{v) —>■«-'- C TxM is a linear isomorphism. The desired continuous field 
Q of fc-planes is then given by 

Q{x) ■.= d,^,)^[K{v{x))]<ZT,C. 

□ 

For the case where M is odd dimensional we will use the bundle Pp^ defined 
by (13. 5p . where this time po G C is given by CoroUarv 13.111 In this case however 
the argument is initially simpler. Indeed, by the following topological result, after 
lifting to a continuous distribution on Ei, we see immediately that Pp^, — E^. 

Theorem 5.3. For n odd, S"^^ admits no k-plane distribution for 1 < k < n — 2. 

See for instance |321 Theorem 27.18] for a proof. 

Remark 5.4. We could alternatively deduce the same result by observing as before 
that the space of leaves := Sfe/W+ is topologically an {n — l)-sphere, and 
since Pp^ is invariant under the holonomy transport, Pp„ determines a continuous 
distribution of fc-planes on 5*"^^. The proof given above does not use the fact that 
Ppo is invariant under holonomy transport. 

Unfortunately this does not quite nail the result as in the even dimensional case. 
If po G M, we deduce L" = pold, and the desired contradiction follows just as in 
the even-dimensional case. 

If however pQ ^ R then more work is required. Consider the -invariant almost 
complex structure JJ on P" of class defined by 

(5.1) j:= .^(L«-(Repo)Id). 

Im Po 

Lifting J to an almost complex structure on P", and then using the construction 
from Lemma [521 we see that J induces an almost complex structure on S""^. This 
immediately implies that n = 3 or n = 7, since the only spheres that admit almost 
complex structures are 5^ and S^. 

It thus remains to eliminate the cases n — S and n = 7, and we will tackle these 
separately. 

The case where n = 3 or n = 7. The first step in the proof of these two special 
cases is to show that the existence of a -invariant almost complex structure J 
on P" forces both P** and P" to be of class C°°. The next two results are due to 
Hamenstadt; see Corollary 2.11 and Corollary 2.12 of [19]. 

Lemma 5.5. The almost complex structure JJ on P" is parallel with respect to the 
Kanai connection. 

Proof. Since J is 0^ -invariant and Vfi = ^Fi, we certainly have VfiJ = and 
thus it suffices to show that Vx.JJ for aU Xg e r(P-') and Vjf„JJ = for 
all Xu G r(P"). We know that J is invariant under the holonomy maps H^^y 
(since otherwise the subbundle P^^ from (j3.5p would be of positive dimension - 
this contradict the fact that an even dimensional sphere does not have non-trivial 
subbundles) and thus as holonomy transport is the same as parallel transport for 
V, we see that Vjf^ J = for all Xg e r(P''). We can define a new almost complex 
structure J' on P* by the equation 

w(X„JX) = c^(JX„,X,). 
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Then if Ys E r{E''), applying Yg to the previous equation and using that Vw — 
shows that 

(5.2) UjiXu, (VyJ')^.) = C^((VyJ)X„,X,), 

and thus VyJ' = 0. 

But now the point is the fohowing: we could repeat all of what we have done 
above but working with not L", and thus obtain an almost complex structure 
J on i?*. The same argument would then show that this almost complex structure 
J is parallel on i?", that is, Vx„J for Xu G r(i?"). But straight from the 
definition, it is clear that J = J', and thus J' is parallel on as well. But then 
taking y„ S r(i?") and plugging it into (|5.2p . we see that Vy^J ~ 0, and this 
completes the proof. □ 

Theorem 5.6. Suppose the strong unstable bundle admits an almost complex 
structure J defined as in (j5.ip . Then Sj, admits a real analytic structure, for which 
the strong (un)stable bundles Ef and are both real analytic. Moreover, this real 
analytic structure is diffeomorphic to the underlying smooth structure ofY^^. 

Before starting the proof, let us recall the following facts about the spaces of 
leaves. Recall that the space and £~ of leaves are defined to be the quotient 
spaces := S^/ and := S^/ where ^± are the equivalence rela- 
tions on Ej, defined by v ^± w if and only if w G W^{v) respectively. We let 
p± : Sfc denote the quotient maps, and give £^ the quotient topology in- 

duced by p±. For each x € M the restriction n T^M and H T^M are 

homeomorphisms onto and L~ respectively; thus and L~ both admit the 
structure of topological manifolds, and are homeomorphic to 5""^. 

The key fact that we will need is that there exists a homeomorphism F : — ;> 
L~ with the following property: given any leaves W'^ E and E , the 
intersection n W~ contains a unique flow line of (j>l unless ~ F{W^), in 
which case n W~ = 0. We will call F a flip map. 

To prove this we take advantage of the fact that M admits a metric go of negative 
curvature again. As before let S^°M denote the unit sphere bundle of {M,go) and 
tpt : S^oM S^oM the geodesic flow of {M,go). Let £+ and £~ denote the 
space of stable and unstable leaves determined by V't . Defining similar equivalence 
relations and on S^°M, we can realise and as quotients of S^°M; 
let p^" : £+ and p^f : Ss^M L^^ denote the projections. Theorem 

14.21 ensures we have a homeomorphism G = Gr ■ 'Sk S^°M that conjugates the 
orbits of (j)] and ipt, and this conjugacy then induces maps G+ : — >■ L'^^ and 
G- : Lg^. It is weU known that the map S<>°M S^^M sending v i-^ -v 

induces a flip map Fq : — > for the flow ?/'*, and thus if F :— GZ^ o Fq o G+ 
then F : — > is a flip map for 

Among other things, the existence of a flip map gives us another way to view the 
holonomy transport. Given v E Sfc, the restriction is a homeomorphism 

onto the set L'^\F{W'^{v)). Thus there is a unique map : Y.k\F{W'^{v)) 
W"'{v) such that p+ op'j^ ^ P+- Given w E W'^{v), if 

(5.3) V := W''{w)\F{W+iw)) 

then it is easy to see that p^\V is precisely the restriction to V of the holonomy 
map 3{2i V ■ W''^{w) —> W'^{v). We will use this fact in the proof below. 

Proof. ( of Theorem 15.6]) 
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Fix V E Efc, and suppose X and Y are parallel sections of E"^ over W^{v). Then 
[X, y] = as V is torsion free when restricted to Since J is parallel by the 

previous lemma, so are and JY; hence [JX, JF] = [JX, y] ~ [X,JY] = 0; in 
other words the Nijenhuis tensor of J[ vanishes, and consequently J is integrable 
(see for instance, [5H1 Chapter IX, Theorem 2.4]). Thus we obtain a complex 
structure on W"{v). Using the almost complex structure J' defined in the previous 
lemma (which we shall now also refer to simply as J) and repeating the same 
argument gives us complex structures on the stable manifolds T/F*(u). 

Let us now pass to the universal cover. We have shown that each of the strong 
stable and unstable leaves W and admit tti (M)-equivariant complex struc- 
tures. We will use this to define the structure of a complex manifold on the spaces 
and of leaves. We have shown above that given v e S^, the map 

p+lW^'iv) : W?"(w) ^ U{v) L+\F{W+{v)) 

is a homeomorphism. Let (fy : U{v) — )■ VF"(u) = C™ (here n = 2m + 1) denote 
the inverse map. We want to define the structure of a complex manifold on 
by taking {{ipy,U{v) : v E Sfc} to be an atlas. The fact that the overlap maps 
ifiy o (p~^ are holomorphic where defined follows immediately from the fact that if 
V e Sfe, w e W^{v), and V C W^{v) is as defined above in (|5.3p then 

dyu{pl\V) = Hy^,,y\V, 

and thus is holomorphic, since the lifted complex structure J is invariant 

under the holonomy transport maps. 

Similarly C~ admits the structure of a complex manifold. Note that by construc- 
tion the complex structure on and £~ is 7ri(M)-equivariant. Next, we claim 
that the orbit space 'S,k/4't homeomorphic to x L~\K where K is & closed 
set. Set 

A [{pfiv),p^_°iv)) € L+ X : v € S^^m] . 
The following is well known: given a flow line Cu(<) = iptVi the map 
Cy ^ {pf(v),Fo{p'_%v))) e £+ X 

defines a homeomorphism between the orbit space S^°M/ipt of4>t and x £^^\A. 
It follows that if 

K := {{p+{v),p^{v)) e£+ xL- : vel^k], 

then given a flow line Ty(t) — 4>\v, the map 

^ [p+{v),F{p^{v))) e X 

defines a homeomorphism from Yjk/(f)\ to x L^\K. 

This essentially completes the proof. Indeed, we have shown that and L~ 
carry 7ri(M)-equivariant complex structures, that the orbit space J^k/(f>t is 
equivalent to the complex manifold x L~\K provided with the product complex 
structure, and that this correspondence is equivariant under the action of tti{M). 
Thus Efe carries a real analytic structure for which the bundles E'^ and E^ are 
real analytic, which by construction is diffeomorphic to the underlying smooth 
structure on Efe. □ 

Write po = cr + it, so that JJ = a^^^iL" - tld). Thus = aJ + tid, and thus if 
K -.^ |por^-(-crJ+tId) then L"oii: = iCoL" = Id. Then since dA(-, •) = uji{L' {■) , ■) 
and oj['-'^ ^ 0, it follows that (dA)"-i ^ and thus A A (dA)"-i is a volume form. 

Now we quote the following theorem of Benoist, Foulon and Labourie ([3]i The- 
orem 1). 
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Theorem 5.7. Let N be a closed manifold of odd dimension 2n ~ 1 with n > 3 
an odd integer. Let (j)t : N N be an Anosov flow with infinitesimal generator 
F. Suppose that the strong bundles E'^ and are of class C°° . Define a 1-form 
A by ker X ~ E'^ Q) E^ and \{F) — 1 and suppose A A (dA)"^^ is a volume form. 
Then there exists a unique cohomology class rj G H^{N,M.) and a closed 1-form j3 
representing rj such that 1 + l3(F) > and such that ifY := (1 + l3{F))~^F then 
the flow of Y is C°° conjugate to the geodesic flow of a Riemannian manifold of 
constant negative curvature. 

Thus we conclude that there exists a Riemannian manifold (iV, h^) of constant 
negative curvature, a C^-diffeomorphism G : SN — > Efe and a constant c > such 
that 

(5.4) p^oG^GoT^t, 

where pt is the flow of the vector field Y = {\ + /3{Fi))'^Fi, where [3 G r2^(Efe) is 
the closed 1-form given by the theorem above, and tj : SN — )• SN is the geodesic 
flow of N. In fact, by the main result in [T^, G is of class C^. 

Remark 5.8. Actually for the case n — 3 we could bypass the above and conclude 
immediately that (pj is C°°-orbit equivalent to the geodesic flow of a closed three- 
dimensional hyperbolic manifold using recent work of Fang [12J. Namely, for n = 3 
(so dim E" = 2), an almost complex structure is the 'same' as having a conformal 
structure, and thus the fact that i?" admits a (^(-invariant almost complex structure 
J implies that is quasiconformal (see |12|). Then [12, Theorem 3] tells us that 
up to finite covers, is C°°-orbit equivalent to the suspension of a symplectic 
hyperbolic automorphism or to the geodesic fiow of a closed three-dimensional 
hyperbolic manifold. The former is impossible by Theorem 14.21 This method 
does not appear to work for n = 7 however. 

Let ri?j^(E/j) denote the set of 2-forms on that are invariant under (pj. It is 
easy to see that 2-forms invariant under (pl are precisely the same as the 2-forms 
invariant under pt. 

Similarly let ilf^^^{SN) denote the set of 2-forms on SN that are invariant under 
Tt- Note that uji and dX both lie in ri?^^(S]fc), and hence by (|5.4I) the 2-forms G*uJi 
and G*dX on SN both lie in n?^^{SN). 

The following result is due to Kauai (PH Claim 3.3]). 

Theorem 5.9. If n > 3 then nf^^^{SN) is 1-dimensional (where dim A'' = 2n — 1^, 

spanned by the canonical symplectic form lon on TN. If n = 2 then ilf^^^(SN) is 
2- dimensional, spanned by wjv and another 2-form ipjsf. This form can be uniquely 
characterized as follows. Let H : SW!^ — ^ SN denote the universal covering of SN , 
where H"^ denotes hyperbolic 3-space. Then there exists a 2-form tp G Q'^{SM^) 
which we will define below, and ipN is then the unique 2-form on SN such that 

p*i>N = i>- 

The theorem immediately implies the result for the case n = 7. Indeed, we 
deduce that G*uii = cilon and G*dX = C2U!n for two constants ci,C2 G M with 
ci, C2 ^ 0, and from this it is clear that dX — poji for some constant non-zero p £ M. 
The case ti = 3 still requires a little work though. 

Now we define the 2-form ip on SM!^ mentioned in the statement of Theorem l5.9l 
The Jacobi equation for is given by 



J - J = 0, 
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(where the dot denotes the covariant derivative along 7) and thus it is easy to see 
that given a geodesic 7, the normal Jacobi fields along 7 are linear combinations of 
the fields 

J(t) = e^^U{t), 

where U{t) is any parallel normal vector field along 7. Let (j)^ denote the geodesic 
flow on H^. Then (/if is Anosov (see Example l2.3p . Given v G 5H^, let 7^ denote 
the unique geodesic adapted to v. Then, given C G T^S'B?, let denote the 
unique Jacobi field along 7„ with Jj(0) = dvT^u^O and J^(0) = ii'H,«(C) (here 
tth : SM^ — >■ and : TT¥? -> T¥? denote the footpoint and connection maps 
of respectively. 

Using the fact that d(j)f{C) = (>/c(0: hi^)) (see for instance HH Section 1.5]), it 
easily follows that the Anosov splitting = RFm ® ® is given by 

EI,{v) = {ieT,SW' ■.iH = ~^v], 

and similarly 

El{v) = {^eT,SW' ■.^H=iv]. 

K^ii(w) = {"^ e T^SW^ : = 0,^H ^ av, a G R} . 
Using this decomposition we can define an almost complex structure on the sub- 
bundle Em — E^ E^. Indeed, fix w G SM^ and note that the isomorphism 

described at the beginning of Section |4] restricts to define an isomorphism 

Em{v) ^v-^ ®v-^, 

where 

:= {w G T^M^ : {w,v) = O} . 

Now is 2-dimensional, and let {ei('i;), 62(1')} C be an orthonormal basis such 
that {ei{v),e2{v),v} is a positively oriented basis of T^M.'^. This allows us to define 
a map : by ii,ei(t;) = e2{v) and 2^62(1') = —ei{v). 

Now define 1^ : E^{v) E^{v) by 

and define J„ : El^{v) — ^ El^{v) by 

This defines an almost complex structure on Ejsi. For convenience, extend J to all 
of TSm^ by letting J|EFh = 0. 

Finally, we define V £ ^^^(S'H^) by 

M^,v)^^mUIv^,v) for ^,v&nsm\ 

This form is the 2-form referred in the statement of Theorem l5.9l Note that is 
closed because dip is an invariant 3-form which must vanish by the proof of Lemma 

EH 

The sphere bundle SB.^ is trivial: S'lHI^ = x Given xGM^, let be the 
2-sphere of unit vectors at x. Let us make the following observation which shows 
that [ip] G ^/"^(^iHiS^R) = M is not zero. 

Lemma 5.10. For all a; G H'^ we have 

f ^7^0. 
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Proof. Fix X E M'^ and v E Sx^i'^- Let us take two vectors £,,1] E V{v), with say, 

e = (0, £v) e T.tf © T^tf, 7] = (0, ?7v) € T^tf ® T,H3. 

It suffices to observe that ipv{£,,''l) 7^ if C a-^d 77 are not cohnear. We need to 
express ^ as a sum of elements of E^{v) and E^{v): this is easily done by noting 

Then we have 
Thus: 

and this is non-zero if ^ and 77 are not colinear. □ 

From this it is now easy to complete the proof in the case n — 3. Since both 
Wo and dX are exact (recall luq — —da; see p.ll) ) it follows that both II*G*lui and 
U*G*dX vanish in i?^(S'H'^,R) (since lui is equal to ujq plus the pullback of a form 
on the base), and thus they must both be multiples of wh; that is, 

n*G*wi = ciWH, U*G*dX = C2UJW ■■ ci, C2 E R\{0}. 

Hence again dX — pwi for some non-zero p e M, which completes the proof for the 
case n = 3, and thus finally completes the proof of Theorem A. 

Proof of the Corollary B. Now we prove Corollary B from the introduction. 

Proposition 5.11. Suppose g is negatively curved and strictly 1 / A- pinched. For 
sufficiently large k, the Hamiltonian structure (Efc,cji) is Anosov and satisfies the 
1/2-pinching condition. 

Proof. First of all we will show that (Efc,a;i) is an Anosov Hamiltonian structure 
for k sufficiently large. It is well known that 0° : SM — SM is Anosov. By 
structural stability of Anosov flows, there exists Sq > such that 0f : SM SM 
is Anosov for all e E {—6o,So) (see for instance PSI, Corollary 18.2.2]). 
Consider now the map 

he : TM TM , v ^ ev. 

Then the observation is that 

h*ujf; = euji, h*H^e^H. 

Now 0f : SM —i' SM is Anosov if and only if the flow (temporarily called) ipt of 
h*H with respect to /i^Wg is Anosov on (/i*7?)~^(l/2). But ipt is the Hamiltonian 
flow of {x,v) I— >■ ^ li"!^ with respect to the symplectic form euti. But it is easy to 
see that ipt = 4>\f] hence we have shown that 

0f : SM SM is Anosov <^ 0j : Si/2s2 — > Si/2£2 is Anosov. 

Thus in particular for 

k > Is^', 

{T,k,uJi) is an Anosov Hamiltonian structure. 

In order to prove that (E^, cji) is 1/2-pinched for k large we note that an equiva- 
lent claim is that (S1/2, ^jJsu) is 1/2-pinched for small e. An inspection of the proof 
of (HH]) and (1121) in [26, Theorem 3.2.17] (see Example shows that if we do 
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the same analysis for the magnetic Jacobi (or Riccati) equation we obtain numbers 
ki{e) and fco(e) for which (|2.ip and (j2.2p hold. These numbers will be as close as 
we wish to fci(O) = 2 and fco(O) — \J — max K > 1 if e is small enough and the 
1/2-pinching condition follows (see Example 12.31 again) . 

□ 

From this it is easy to prove Corollary B. Suppose k is chosen large enough 
such that (Efc,a;i) is an Anosov Hamiltonian structure satisfying the 1/2-pinching 
condition, and suppose for contradiction that (SfejOJi) is stable, and let A be a 
stabilizing 1-form. By Theorem A, (I]fc,aji) is contact, that is, d\ = pwi for some 
non-zero p G M. In particular, is exact which in turn implies that a is exact. 
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